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Preliminaries

Bayes’s Theorem
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Posterior Distribution
with y = observations, © = quantity of interest (state) and ¢ = model parameters.

p(yl0) = [ p(y|z,0)p(x|0)dx is the marginal likelihood.

Multivariate Gaussian

For a length N random column vector = with mean p and covariance Cx, the proba-
bility density function is given by:
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The mean vector: p = E[X] and the covariance matrix: Cx = E[(X — p)(X — p) "] fully
characterise the multivariate Gaussian distribution.

To sample from a multivariate Gaussian distribution:
1. Compute an M such that Cx = MM (e.g., via Cholesky decomposition).
2. Sample a standard normal vector u ~ N (0, I).

3. Transform the standard normal vector to obtain a sample from the desired distri-
bution: x = p + Mu.

4. The resulting vector z is a random sample from N (p, Cy).

1 State-Space Models

For a time series with states x; and observations y;, a state-space model consists of
(assuming Markov structure):

1. State evolution: ;1 ~ f(x|z,_1)



2. Observation: y;;1 ~ g(Yey1]Te41)
The joint density is
t

p(l‘o:t, yo:t) = p(ﬂfo) Hp(ffi|$0:z‘—1)p(yi|$o:u yO:i—l)
i=1

= p(20) H fxilri)g(yilz:)

The conditional probability

p(@ezi1)p(Ye|Te, T 1) _ f(@i|ze1)g(ye| )
P(yelTe1) ff($t|$t—1)9(yt|$t)d$t

p(xt‘ytaxtfl) =

2 Continuous-Time Models

Linear continuous-time state-space models is given by:
o(t) = Ax(t) + MW (t)

where W (t) is a continuous-time white noise process with covariance with zero mean
and autocorrelation function Ryw(7) = of,0(7). The power of W( ) is inﬁnite there-
fore it is often define in terms of its integral Brownian motion B(t) = [, W (r)dr. The
Brownian motion follows B(t) ~ N (0, to3,).

Apply Laplace transform to both side and rearange:
X(s) = (s — A)'2(0) + (sI — A)" "MW (s)

Convert back to time domain:

x(t) = exp(At)x(0) + /0 exp(A(t — 7)) MW (7)dr

—C, Convolution with white noise
where exp(At) = I + At + A%t /2! + A3t3 /3! + . ..
In general case, the continuouse-time model can be written in discrete-time form as
z(t + 0t) = exp(Adt)z(t) + C

In discrete form
Tpy1 = exp(Ad)x, + C,C ~ N(0,cov(C))

The covariance of C'is given by:
cov(C) C

exp (t = T)MRuw (v = 7)MT exp(AT (¢ — 7))drdr’
%V / exp(A(t — 7)) MM exp(AT(t — 7))dr

CT E[CIE[C]"
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For the Ornstein-Uhlenbeck (OU) process with A = p and M = b, the covariance is

cov(C) = —@;2(1—exp(2pt)), giving x(t+dt) ~ N (exp(pét)x(t), —JszbQ (1-— exp(2p5t))).

The Euler approximation is z(t+6t) ~ N (z(t) + px(t)d;, b*6,03,) = first order expansion.

3 Filtering

Given p(x¢|yi.t), find p(z441|y1.e41) using filtering recursions in two steps: Prediction
and Correction.

Prediction step ('Chapman-Kolmogorov’)

p(xt+1’y1:t) = /p(xtaxt+1’y1:t>dxt
= /p($t|y1;t)p($t+1|$t,yl:t)dxt

= /p($t|y1:t)f($t+1|$t)d$t

Correction step (Bayes’s Theorem)

P(Yer1|Ter1s Yr:)p(Tey1 Y1)
p(yt+1|y1:t)
g(yt+1 |5L’t+1)P(fUt+1 |y1:t)
P(Yes1lyr)

p($t+1|y1;t+1) =

4 Kalman Filter

Kalman filter can be applied to linear Gaussian state-space models, which follows:

flzelziy) = N(Axy1,8,) — 2y = Azy_y + vy
g(ye|z) = N(Bxy, X)) — v = By + wy
where v, and w, are independent Gaussian noises with zero mean and covariance %,
and ¥, respectively. The initial state is also Gaussian distributed: f(zo) = N (1oj0, Pojo)-
Goal: Find the update rules to the filtering distribution p(z¢|y1..) = N (e, Pye)-

Kalman Filter for General Case

Htjt—1 = A,Ut—l\t—l

Py = APtfl\tflAT + X,
K, = Pt|1t—1BT(BPut—1BT + 3y) 7!
Py = (I — KyB)Pys—
pee = ptfe—1 + Ki(ye — Bpige—1)
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¢ Kalman Gain K;: How much the prediction should be adjusted based on the new
observation.

* Innovation y, — Byuy—1: How different is the observation from the prediction.

When the state space model is linear and Gaussian (v;, w, zo are Gaussian distributed),
Kalman filter is the optimal Bayesian estimator of the state.

More generally, Kalman filter is the best linear, unbiased estimate (BLUE) in an minimum
mean square error (MMSE) sense of the state given that v, w, are zero mean and uncorre-
lated.

Prediction Error Decomposition with Kalman Filter
The full likelihood is given by:

T-1

p(!/l:T) = Hp(yt+1|y1:t)

t=1
where p(yi11|y1:4) = N (Bugs1y, BPp BT + Z,,), subject to a parameter of interest 6.

Maximum likelihood estimate: 6y = arg maxy p(y1.7/0)

Maximum a posteriori estimate: Oniap = arg maxg p(y1.7|0)p(0)

5 The Extended Kalman Filter

Non-linear state-space model:

Ty = A(l’tfly Ut)
Y = B(ﬂft, wt)
where v, ~ N(0,%,) and w; ~ N (0, X,,), can be linearised by expanding A and B using

1st order multivariate Taylor expansion around z; = z*,v; = 0 and z; = 2", w; = 0
respectively:

DA DA ,
Az, v) = A(2",0) + BI (T4 —2") + a—vtvt = Awy1+C+ Dy
0B 0B ,
B(I’t,wt) ~ B(I’+,O) + a_q,’t(xt - .T+) + 8_11)twt =B T + E+ Fwt

Usually, the linearisation points are * = ;1,1 and x = p),_1.

The Extended Kalman Filter:

prefi—1 = A'pry_1jp—1 + C

Py = A/Ptfl\tflA/T + D%, DT
Ky = Py1B""(B'PyB'"" + FL,F")™!
Py = (I — K;B' )Py
peje = peje—1 + Ki(ye — B'pge—y — E)
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6 Particle Filters

General Monte Carlo
Use random samples to represent the distribution:

ii.

~ p(x), i=1,...,N forlarge N

N
E .CL'—LL'

5z<)()

200

Monte Carlo Expectation:

h = /h(:v)p(:v)dx ~ /h(x)% Zézm (x)dx ~ %Z h(z®

Importance Sampling

Draw random samples from a distribution ¢(z) instead of p(x), the expectation with
respect to p(z) can be estimated with

_ x N . s i) i id.d.
h:/h(x)wq(x)da:% %Zh(az(z))p ,), 20 q(x)

q(z) q(z?)

w(®)

p(z®) (1)

(1) —
where " = ) )

is the unnormalised importance weight.

Monte Carlo Filtering
Infer the filtering distribution p(x;|y;.:) or estimate the expectation with importance

sampling:

N
_ 1 i ii.
h_/h(%) (elyr.e)dzy ~ N; )h () < q(a)

4 ()
where wgl) o Pl o J}’)I)t)

approxiamted as p(z|y1.) = S, w!! (5x§i)(xt>.

is the normalised importance weight. The filtering density is

@)

The normalisation constant is a Monte Carlo estimate Z = S | @™ and w® =

Z .
Resampling

Fori = 1,...,N, set 2/ = z0) with probablhty w", ie. each 2'® is drawn from a
categorical distribution with probabilities w(), . w(N )

The density function p(z) transform from a weighted to an unweighted approximation:

N N
, R li 1
~ Z w8, () R LN p(z) ~ N Z 3y ()
i=1 =1



Benefits: limit the degeneracy of the importance weights over time — all probability
mass becomes concentrated on a few particles, which makes the estimates unreliable.

Sequential Monte Carlo

Given a collection of samples ("particles’), the filtering density is approximated as
p(xt’ylzt) ~ Z 5l,§i)(xt)7 3?,51) = p($t’y1;t), 1= 1, - ,N
=1

Prediction step:

P(islyr) = /f($t+1|$t)p($t|y1:t)d$t
| X
~ /f(xtH’J?t)N ; 5I§¢) (x¢)dxy
N

= > Faaaled?)

i=1
Update step:

gWenlme)p@ealye) 1 g@enlee) S8, @ lz)
p(ﬂft+1|ylzt+1) = ~ —
p(yt+1’y1:t> N P(yt+1’?/1:t)

Samples can be drawn from the Monte Carlo approximation to p(x;41|y1..+1) by:
* rejection sampling (slow but exact)
* importance sampling (most common)
e MCMC (effective but slow)

¢ annealed importance sampling etc.

General Sequential Importance Sampling

Generate a new state from a specially designed proposal distribution q(x;, 141 |y1:441)
rather than the state transition density f(z:y1]x:):

q(xtu Tit1 |?/1:t+1) = Q(l’t+1‘$t, yl:t+1)p($t|y1:t)
g(yt+1|xt+1)f($t+1’xt)p($t|y1:t)
P(Yer1ly1e)

p(%, Tt+1 ’?/1:t+1) =

The importance weight is given by:

p(%; Tit1 |ylzt+1)
q(Tt, Tera|Yre41)
_ 9yl f (@) p(me Y1)
PWes11Y1:0)@(@ei1|Te, Yras1)P(Te] Y1)
- g(yt+1‘xt+1>f<xt+1’xt)
q(Teg1] T, Yri41)

Wt41




If resampling is not carried out, weights are accumulated over time:

g(yt+1’$t+1)f(xt+1|xt)
Q(»’Utﬂ |9Ct, y1:t+1)

Wi41 X Wy

Otherwise, the weights are reset to 1/N after resampling.
Important special cases:
b BOOtStrap filter: q(xt+1|xt, yl:t+1) = f($t+1|$t)

* Sequential computations: (11|t Y1:041) = P(Te1] e, Yer1)

Algorithm 1 General Particle Filter

fort=1,...,T do
fori=1,...,Ndo

9‘721 ~ Q(:vﬁﬂlle),yml) .

(i) (i) 9wert |of ) S @y 2l

Wi ¢ q(x£21|x,(gi)7y1:t+l)
end for
(Optional Resample):

Normalise weights, > . wﬁgl =1
fori=1,...,Ndo A
Set x} H(Z) = xgi)l with probability wt(i)l
end for
forizlz....,Ndo’ ’
Set :ctfgl = :CQH(Z) and wgl =1/N
end for
end for




